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INTRODUCTION 
In this paper, all rings are associative with identity, the identity of a 
subring always coincides with the identity of the ring, and homomorphisms 
of rings preserve the identities. J(A) denotes the Jacobson radical of the 
ring A. 
Let KC A c A be rings. Recall that A is said to be separable over K if the 
exact sequence 0 --* Q(A) + A @.K AZ A + 0 of A-bimodules is split, 
where m is the multiplication map, and Q(A) = Ker m. As was shown by 
Gerstenhaber and Schack [4] for K a field and A a K-algebra, and, 
independently, by the second author [9] in the general situation, the 
cohomology of A relative to K [6] is the same as relative to A, provided 
A is separable over K. A natural question arises: what are the subrings A 
of ,4 containing K for which the cohomology of A relative to A is the same 
as relative to K? The answer is: the subrings are precisely the splitters of 
A over K. The notion of a splitter is introduced by the first author as 
follows. A is a splitter of A over K if the multiplication map A @‘K A +/i 
has a right inverse which is a homomorphism of A-bimodules. /i is said to 
be nonsplittable over K if K is the only splitter. 
We outline the content of the paper. 
* The second author worked on the paper during his visit to Syracuse University in the 
summer of 1987. He wishes to thank the Department of Mathematics for making the visit 
possible. 
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Section 1 is a study of basic properties of splitters. The main result 
(Theorem 1.2) establishes several characterizations of splitters, including 
the one mentioned above that motivated the notion of a splitter. We show 
that relatively separable subrings introduced by Azumaya Cl] are splitters, 
and prove some general properties of splitters which resemble properties of 
separable rings, established by Hirata and Sugano [S]. When K is a field, 
and n is a K-algebra, we obtain more information and show that every 
splitter is a finite-dimensional subalgebra of A. This is a generalization of 
the result of Rosenberg and Zelinsky on separable algebras [ 111: When the 
algebra LI is local, we show that every splitter is embedded in a division 
subalgebra of A. 
Although many properties of splitters are similar to those of separable 
subrings, being a splitter depends not so much on the properties of the 
subring itself, but mostly on the way it is embedded in A. In fact, every 
finite-dimensional algebra is isomorphic to a splitter of a certain algebra. 
Section 2 gives a complete description of algebraic nonsplittable algebras 
over an arbitrary field (Theorem 2.5) as the algebras with nil radical whose 
quotient modulo the radical is a purely inseparable field extension of the 
ground field. We also show that an extension field L of a field K is 
nonsplittable as a K-algebra if and only if the set of elements of L algebraic 
over K is a purely inseparable field extension of K. 
The notion of an algebraic nonsplittable algebra is closely related to the 
notion of a purely inseparable algebra introduced by Sweedler in [ 123. 
Recall that a K-algebra LI is said to be purely inseparable if the multiplica- 
tion map n ~$3~ Aop + /i is a projective cover of A, viewed as a left 
LI OK ,4”P-module, where A”P is the opposite algebra of LI. We show that 
every purely inseparable algebra is algebraic nonsplittable; and if an 
algebra is commutative or has GB radical (see [12]), then it is purely 
inseparable if and only if it is algebraic nonsplittable. Purely inseparable 
algebras were introduced as a homological generalization of purely 
inseparable field extensions. In view of the just quoted statements from 
Section 2, it seems that algebraic nonsplittable algebras are at least as good 
a candidate for such a generalization. 
The question of whether every algebraic nonsplittable algebra is purely 
inseparable was, in fact, raised in [12], and is still open. However, we 
show that an algebraic nonsplittable algebra which is not purely 
inseparable, if one exists, must belong to the class of algebraic, but not 
locally finite algebras, whose existence was discovered by Golod and 
Shafarevich. 
Another interesting question is whether every algebraic nonsplittable 
algebra remains algebraic nonsplittable under an arbitrary extension of the 
ground field. Although we do not have the answer, we show (Theorem 2.14) 
that the question is equivalent to the classical open question of whether 
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every nil algebra remains nil under an arbitrary extension of the ground 
field. It is well known that the latter question is equivalent o the celebrated 
Koethe conjecture. Thus we provide a homological point of view on this 
conjecture. 
To describe the content of Section 3, we would like to remind the reader 
of a well-known result of Hochschild, namely, that a field extension L of 
the field K is finite separable if and only if L is separable as a K-algebra. 
We obtain a homological characterization of algebraic (not necessarily 
finite) separable field extensions. For this, we introduce the notion of a 
totally splittable algebra over a field K as an algebra whose every finite- 
dimensional K-subalgebra is a splitter. Then the main result (Theorem 3.2) 
is that a field extension L of the field K is separable algebraic if and only 
if L is a totally splittable K-algebra. 
1. SPLITTERS 
Recall that a K-ring A is a ring homomorphism i: K -+ A. The set of 
morphisms from a K-ring f: K + A into the K-ring i: K + A consists of all 
ring homomorphisms 4: A -+ A making the following diagram commute: 
f K-A 
II I 4 
K’- A. 
The K-ring i: K + A is called separable if the exact sequence 0 + Q(A) --, 
ABKA 5 A -NO of A-bimodules is split, where m&L, @,I,)=L,& and 
In(A) = Ker mK. 
We also recall some notions of relative homological algebra [3, 6, lo]. 
Given a K-ring K + A and a ring S, denote by A-Mod-S the category of 
A-9bimodules. Consider the class of all K-S-split exact sequences in 
A-Mod-S, i.e., the class of those exact sequences of A-9bimodules which 
are split exact sequences of K-S-bimodules via the ring homomorphism 
K + A. The corresponding class of relatively projective bimodules consists 
of the bimodules of the form A BK X, for some XE K-Mod-S, and their 
direct summands. We will call the relatively projective bimodules (A-S, 
K-S)-projective. A long exact sequence of A&bimodules of the form 
. . . P, + P, + P, + M + 0 is a (A-S, K-S)-projective resolution of M if the 
sequence is K-S-split, and Pi is (A-S, K-S)-projective for all i 2 0. The 
relative bifunctor Ext determined by the K-S-split exact sequences (or, 
equivalently, by the (A-S, K-S)-projective bimodules) is denoted by 
SPLITTERS 479 
Ext,+ K-S(--, -). We denote by dim,+ K-SM the (/i-S, K-S)-projective 
dimension of M. Finally, K-dim A = dim,-,, K.,, A = dim,-,, n-KA is called 
the cohomological (Hochschild) dimension of A over K. 
DEFINITION 1.1 A d-ring g: A + A is said to be a splitter of the K-ring 
i:K+AoveraK-ringf:K+Aif: 
(i) g is a K-ring morphism from f to i and 
(ii) the multiplication map m K: A@k A + A has a right inverse 
q: A + A OK A which is a morphism of d-bimodules, where A is viewed as 
a d-bimodule via g. 
In other words, g is a splitter if gf = i and m,q = 1, for some d-bimodule 
map 4. 
Of course, i: K + A is a splitter of i: K + A over 1,: K-P K. On the other 
hand, 1,: A+ A is a splitter of i: K + A over i: K+ A if and only if the 
K-ring i: K + A is separable. 
The following statement contains various characterizations of splitters. It 
extends the characterizations of separable K-rings given in [S, Proposi- 
tion 4.1, p. 831. 
THEOREM 1.2. Let g : A + A be a morphism of the K-ring f: K + A into 
the K-ring i: K + A. Consider A a A-bimodule via g. Then the following are 
equivalent: 
(a) g:A+Aisasplitterofi:K+Aoverf:K+A. 
(b) There exists a A-bimodule map h: A + A @k A satisfying 
m,h=g. 
(c) There exists an element eE AQk A such that mk(e) = 1 and 
6e=e6 for all 8EA. 
(d) There exists a A-bimodule map 4: ABd A + A@k A making the 
following diagram commute: 
where md is the multiplication map. 
(e) mK has a right inverse which is a A-A-bimodule map, i.e., A is 
(A-A, K-A)-projective. 
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(e’) mK has a right inverse which is a A-A-bimodule map, i.e., A is 
(A-A, A-K)-projective. 
For all rings S: 
(f ) For each A-S-bimodule M, M is (A-S, K-S)-projective if and only 
if it is (A-S, A-S)-projective. 
(f’) For each S-A-bimodule N, N is (S-A, S-K)-projective if and only 
tf it is (S-A, S-A )-projective. 
(g) For each exact sequence of A-S-bimodules, it is K-S-split tf and 
only if it is A-S-split. 
(g’) For each exact sequence of S-A-bimodules, it is S-K-split if and 
only if it is S-A-split. 
(h) For each long exact sequence of A-S-bimodules of the form 
. . . + P, + P, + P, + M + 0, it is a (A-S, K-S)-projective resolution of the 
A-S-bimodule M if and only if it is a (A-S, A-S)-projective resolution of M. 
(h’) For each long exact sequence of S-A-bimodules of the form 
. . . -+ Q2 + Q, + Q, + N + 0, it is an (S-A, S-K)-projective resolution of 
the S-A-bimodule N if and only if it is an (S-A, S-A)-projective resolution 
of N. 
(i) Then bifirnctors Ext”,.,,,,(-, -) and Ext”,-,.&, -) are 
isomorphic for all n 2 0. 
(i’) Then bifiinctors Ext”,,,S.K(-,-) and Ext’&,S.d(-,-) are 
isomorphic for all n 2 0. 
(j ) For every A-S-bimodule M, dim,+ K-S M = dim,-, d-S M. 
(j’) For every S-A-bimodule N, dim,,, S.K N = dim,,, S.d N. 
Proof Consider the following sequence of functors from A-Mod-A into 
the category of abelian groups: 
Hom,JA, -) z Hom,JA, -) 2 Horn&A@, A, -) 
2 Horn&A, -) n’. Horn,-,(A @)d A, -). 
Here g* = Hom,J g, -); v = t* = Hom,Jt, -) with t: A % A @A A the 
canonical isomorphism of A-A bimodules; u sends every A-bimodule map 
a: A + M to the A-A-bimodule map a ,: A@, A+Mgiven by a,(A@b)= 
Aa( and w sends every A-A-bimodule map j?: A + M to the A-bimodule 
map /I,: A@, A+M given by jI1(,I,@&)=/I(J,)&. Applying the above 
sequence of functors and their natural transformations to the morphism 
mK: A OK A + A, we obtain the following commutative diagram of abelian 
groups: 
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Here #I = Horn,-,(A, mK), & = Hom,+,(d, mK), & = Hom,JA, mK), and 
44 = Horn,,-,(A OA A, mK). 
Prove first (b)o (c). Note that (b) means precisely geIm &. If 
gg Im #2, then g=m,h for some hEHorn,-,(A, AOKA) and e= h(1) 
satisfies (c) because g( 1) = 1. Thus (b) =z- (c). Conversely, if (c) holds and 
eEA@,A is such that m,(e)= 1 and &=e6 for all BE A, then the map 
h: A + A@,A defined by h(6)=6e belongs to Hom,Jd, A@,A). Then 
d,(h) = m,h and m,h(l) = 1. But g is the only A-bimodule map A -N A 
sending 1 to 1. Hence g=&(h), and (c) * (b). 
Prove now the sequence of implications (a) 3 (b) =E- (e) =E- (a). 
Suppose (a) holds, i.e., 1, l Irn 4,. Since g*(A)(l,,)=g, the com- 
mutativity of the top square of the diagram implies gE Im &. Thus 
(a)*(b). If gEIm4,, then the formula vu(A)(g) = 1, and the 
commutativity of the middle square of the diagram imply 1, E Im &, i.e., 
(e) holds. Hence (b) Z- (e). Clearly, (e) * (a). 
To prove (d) o (e), use the formula md = w$A)( I,,), the commutativity 
of the bottom square of the diagram, and the fact that w(,4 @,A) and 
\v( A ) are isomorphisms. 
(e) * (f): Since every (A-s, K-S)-projective bimodule is (A-& d-S)- 
projective, we only have to prove (e) implies that every (,4-s, d-S)-projec- 
tive bimodule is (A-s, K-S)-projective. Let P be (A-s, AS)-projective. 
Then it is a direct summand of a relatively free module A aA M, where A4 
is a A-S-bimodule. Without loss of generality, we may assume P = A @‘d M. 
Then morphism & gives rise to the following morphism of abelian groups: 
If (e) holds, then 1, E Im & and lnBA M E Im(m,@ l,)*. Hence A @)A M is 
a A-S-direct summand of A OKA &)A M, i.e., ABA A4 is (A-s, K-S)- 
projective. 
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(f ) = (e): Choose S = A and observe that A z A @A A is a (A-A, A-A)- 
projective bimodule. Then (f) implies that A is (A-A, K-A)-projective, i.e., 
(e) holds. 
(f) o (g): It is well known [3] that every class of relatively projec- 
tive objects uniquely determines the corresponding class of exact sequences, 
and vice versa. 
(f), (g) * (h) is obvious. 
(h) * (f ): Note that according to (h), every (A-S, A-S)-projective 
bimodule is (A-S, K-S)-projective. 
(h)=(i) and (h)*(j) are obvious. 
(i)*(e): Choose S= A and note that A is (A-A, A-A)-projective, 
i.e., Ext i.,, d.d(A, -) =O. Then Exti-,, K-d(A, -) =O, i.e., A is (A-A, K-A)- 
projective. 
(j)*(e): Put S=A and M=A; then follow the proof of (i)*(e). 
The fact that each of the conditions (e’), (f’), (g’), (h’), (i’), (j’) is 
equivalent to any of the other conditions of the theorem is clear because 
condition (a) is left-right symmetric. 1 
Remark 1.3. Each of the conditions (f), (f’), (g), (g’), (h), (h’), (i), (i’), 
(j), (j’) of Theorem 1.2 is equivalent to its special case when S= A. Really, 
this is the only case needed to prove (e) or (e’), as indicated in the proof 
of the theorem. Note that in the characterization of a separable K-ring 
i: K + A, the special case S = A plays a similar role [8, Proposition 4.1, 
p. 831. 
Recall [l] that a K-ringf: K + A is said to be (left) relatively separable 
with respect o a K-ring i: K + A if there is a morphism g of K-rings from 
f: K-+ A into i: K+ A such that the map m,(g@ 1”): A@,A +A has a 
right inverse r: A + A OK A which is a morphism of A-A-bimodules. In 
other words, f: K + A is relatively separable with respect o i: K + A if A 
is (A-A, K-A)-projective via g. 
COROLLARY 1.4. (a) Let a K-ring f: K + A be relatively separable with 
respect to the K-ring i: K -+ A via a morphism g: A + A of K-rings. Then 
g:A+Aisasplitterofi:K+Aoverf:K+A. 
(b) If f: K + A is a separable K-ring, then any morphism g : A + A of 
K-rings from f: K -+ A into i: K + A is a splitter. 
Proof: (a) The A-A-bimodule map q = (g@ In) r is a right inverse for 
mK, and the statement follows from Theorem 1.2(e’). 
(b) Every A-A-bimodule is (A-A, K-A)-projective [S, Proposition 
4.l(vi), p. 831. 1 
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COROLLARY 1.5. Let g: A + A be a splitter of i: K + A over f: K + A. 
Then: 
(a) K-dim A = A-dim A. 
Let T + S be a ring homomorphism, M an S-A-bimodule, and N a A-S- 
bimodule. 
(b) dim,, T-KM = dim,,, T.d M. 
(b’) dim,s K-TN = dirnAes d-TN. 
(c) dim,,-, KwKA = dim,-,, K-d A. 
(c’) dim,,: K.KA = dim,-,, d-KA. 
Proof. (a) follows from Theorem 1.2(j) when S= M= A. 
(b) Consider the un-normalized bar resolution of the S-A-bimodule 
M, where 8, is determined according to [ 10, p. 282, top] for n 2 0, 
. ..S&SC&Q&M~ SC&S&M~ S&M* M--+ 0. 
It is both an (S-K, T-K)- and (S-A, T-A)-projective resolution of M. Of 
course, dim,, r.-K M < dim,-,, TM3 M. The reverse inequality follows from 
the fact that if Ker d, is an S-K-direct summand of S 0 7 . . . OT S @ T M, 
then it is also an S-A-direct summand by Theorem 1.2(g’). 
(c) A special case of (b), when S= A, T= K, M= A. 
(b’), (c’) Similar to (b) and (c). 1 
It is clear that g : A + A is a splitter of i: K + A over f: K + A if and only 
if (i) ImicImg and (ii) Img+A is a splitter of Imi+A over 
Im i + Im g, where the latter three maps are natural inclusions. Therefore, 
in the sequel, we will assume that K is a subring of A, and call an inter- 
mediate ring A with KC A c A a splitter of A over K if A + A is a splitter 
of K -+ A over K + A, where the latter three maps are natural inclusions. 
When the choice of the subring K is clear from the context, we will simply 
say that A is a splitter of A. 
DEFINITION 1.6. An element eE AOK A satisfying mK(e) = 1 and 
6e = e6 for all 6 E A is callled a splitting element of A over K relative to A. 
If the choice of K and A is clear, we will simply refer to a splitting element. 
As follows from Theorem 1.2(c), A is a splitter of A over K if and only 
if there exists a splitting element. 
DEFINITION 1.7. Let M be a A-bimodule, x E M. The subring C(x) = 
{~EAI~x=x~} of A is called the centralizer of x. 
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hOPOSITION 1.8. Let A be a splitter qf A over K and e E A @K A a 
splitting element. Then C(e) is a splitter of A over K satisfJ!ing A c C(e). 
ProoJ Obvious. 1 
DEFINITION 1.9. A ring A is said to be nonsplittable over a subring K if 
K is the only splitter of A over K. 
The other extreme case occurs when every subring of A containing K is 
a splitter. Then, in particular, A is a splitter; i.e., A is separable over K, 
according to remarks following Definition 1.1. 
PROPOSITION 1.10. (a) Let Kc A, cA,cA be rings. 
(i) If A, is a splitter of A2 over K, then A, is a splitter of A over K. 
(ii) A, is a splitter of A over K if and only if A, is a splitter of A 
over K, and A, is a splitter of A over A,. 
(b) Let h: A + I- be a homomorphism of rings. If A is a splitter of A 
over K, then h(A) is a splitter of r over h(K). 
Proof: (a) The verification of (i) and of the necessity of (ii) is easy and 
left to the reader. To prove the sufficiency of (ii), note that every K-S-split 
exact sequence of A-S-bimodules is AI-S-split because A, is a splitter of A 
over K. Then the sequence is A,-S-split, since A, is a splitter of A over A,, 
using Theorem 1.2(g). 
(b) If e = xixi@yi is a splitting element of A over K relative to A, 
then Ii h(x,)@ h(yi) is a splitting element of Z over h(K) relative to 
h(A). I 
Part (b) of the following statement is well known. 
COROLLARY 1.11. (a) Let Kc A c A be rings. A is separable over K if 
and only if A is separable over A, and A is a splitter of A over K. 
(b) If h: A + r is a surjective homomorphism of rings, and A is 
separable over its subring K, then r is separable over h(K). 
(c) Let K be a subring of A, and I a proper two-sided ideal of A. If the 
factor ring AfI is nonsplittable over K+ I/I, then every splitter A of A over 
K has the property A = K + A n I. 
Proof: Statements (a) and (b) follow from parts (a) and (b) of 
Proposition 1.10 by putting A, = A, A, = A, and A = A, respectively. For 
(c), suppose A is a splitter of A over K. Then A + I/I is a splitter of A/Z over 
K + Z/Z, according to Proposition 1.10(b). Therefore, A + I/I= K+ I/I 
because A/I is nonsplittable, whence A + Z= K + Z. Then A = A n (A + I) = 
An(K+I)=K+AnI 1 
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Remark 1.12. While Corollary 1.4 suggests that splitters are generali- 
zations of separable subrings, Corollary 1.11 shows that being a splitter 
depends not only on the properties of the subring itself, but rather on the 
way the subring is embedded into A. Really, let K be a field, and 
A = M,(K) the total matrix algebra over K. Since every finite-dimensional 
algebra A over K is a subalgebra of the separable algebra M,(K) for some 
n, A is splitter of some K-algebra A. 
PROPOSITION 1.13. Let A be an algebra over a commutative ring K, and 
C a central K-subalgebra of A. Zf A is a splitter of A over K, then C[A] is 
a splitter of A over C, where C[A] is the C-subalgebra of A generated by A. 
Proof Let e =xi ?ci@‘yi be a splitting element of A over K relative 
to A, and e’ the image of e under the natural homomorphism 
A @k A + ABC A of A-bimodules. We claim that e’ is a splitting element 
of A over C relative to C[A]. Really, 6e = es implies 6e’ = e’6 for all 6 E A, 
and, obviously, ce’ = e’c for all c E C because C is contained in the center 
of A. Then ae’ = e’a for all a E C[A]. Clearly, m&e’) = xi xiyi = 1. u 
We now examine the behavior of splitters under the operations of direct 
product of rings and of tensor product of algebras over a commutative 
ring. 
PROPOSITION 1.14. Let Kit Aic Ai be rings, i= 1,2. Then A, x A, is a 
splitter of A, x A, over K, x K, tf and only if Ai is a splitter of Ai over Ki 
for i= 1, 2. 
Proof The necessity follows from Proposition 1.10(b). The proof of the 
sufficiency is the same as that of [lo, Proposition VII.5.2, p. 2123. 1 
The following three statements are generalizations of Propositions 2.7, 
2.10 and Corollaries 2.8, 2.12 from [S]. 
PROPOSITION 1.15. Let Ai be an algebra over a commutative ring K, and 
Ai c Ai subalgebras of Ai, i = 1, 2. If Ai is a splitter of Ai over Ai for i = 1, 2, 
then the natural map A, @‘K A, + A, BKA2 is a splitter of the A, @)K AZ-ring 
A,Q,A,overtheA,~,A,-ringA,~~A,.Znparticular,ifA,=A,=A,=T, 
then the natural map A, @n Z + A, Qk Z is a splitter of the A L @k Z-ring 
A, @.K Z over the A, Ok Z-ring A, QK Z. 
Proof Same as that of [S, Proposition 2.7, p. 3671. 1 
PROPOSITION 1.16. Let A be an algebra over a commutative ring K, 
A c A subalgebras of A, and Z a K-algebra having a K-direct summand 
isomorphic to K. Then A @n r is a splitter of A @k Z over A @k Z tf and 
only tf A is a splitter of A over A. 
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Proof: The sufficiency follows from Proposition 1.15. The proof of the 
necessity is the same as that of [S, Proposition 2.10, p. 3681 and goes back 
to the proof of [ 10, Proposition VII.5.4, p.2131. Namely, since A OK r is 
(A OK T-A OK r, A OK f-A @QK r)-projective by Theorem 1.2(e), it is also 
(A-A, A-A)-projective, according to the proof of [S, Lemma 2.11, p. 3681. 
But A is a A-A-direct summand of A OK r because r contains a K-direct 
summand isomorphic to K. Hence A is (A-A, A-A)-projective, i.e., A is a 
splitter of A over A. 1 
COROLLARY 1.17. If A and r are algebras over a field K, then A is a 
splitter of A over K if and only if A Q K r is a splitter of A &I K r over K 
Similar to separable algebras, every splitter of an algebra over a field is 
finite-dimensional. This is a generalization of the result of Rosenberg and 
Zelinsky. 
THEOREM 1.18. Suppose A is an algebra over a commutative ring K, 
which is free as a K-module. If A is a splitter of A over K, then A is finitely 
generated as a K-module. 
Prooj Same as of [ 11, Sect. 3, Theorem 1, p. 881. 1 
EXAMPLE 1.19. Let X,, . . . . X,, be indeterminates and K a field. Then the 
polynomial algebra K[X, , . . . . X,] and the field of rational functions 
K(X,, . . . . X,) are nonsplittable over K. 
THEOREM 1.20. Let A be a local algebra over a field K, and 
e=Cy=, ai@bi an element of /lBK A such that mK(e) = CT=, a,b, is 
invertible in A. Then the centralizer C(e) is a division subalgebra of A. 
Proof Since the noninvertible elements of A form an ideal, both ai and 
bi are invertible for some i. Renumbering the elements if necessary, assume 
ai is invertible for 1 < i< m; aiE J(A) for m c i< n; bi, is invertible for 
t = 1, . . . . T, where 1 < i, < ... < i,< m and T < m. Suppose m is the least 
number of invertible a,‘s among all possible representations of e as 
zi ai@ bi. Then a,, . . . . a,,, are linearly independent over K modulo J(A). 
Otherwise, if aj=~izjkiai+x, where i,j<m, kjE K, and XEJ(A), we 
obtain a representation of e in the form Cia;@ b; with at most m - 1 
invertible ai’s, a contradiction. Choose a K-basis (a, 1 u E U} for J(A); then 
the set (aI, . . . . a,} u {a, 1 u E U} is linearly independent over K, and can be 
extended to a K-basis {a,, . . . . a,}u{a,luEU}u{a,IvEV) for A. 
Suppose a is a nonzero element in C(e) n J(A) and obtain a contradic- 
tion. For this, write the element C?=, aai@ bi = ae = ea = Cy=, ai @ bia as 
a K-linear combination of the basis vectors up @ a4 in A BK A. Since 
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aa,~ J(n), the coefficient by a,@ a4 in the left-hand side of the preceding 
equality is zero for 1 <p < m. In the right-hand side, the coefficient by 
ap @ a, with 1 < p < m in the representation of XI= m + I ai@ bia as a linear 
combination of the basis vectors is also zero. However, for 1 < t < T, we 
have b,,a # 0 because b, is invertible, so that ai, @ b,,a is a nonzero linear 
combination of vectors ail 0 a4 for some distinct q’s. Therefore, the 
representation of the right-hand side as a linear combination of the basis 
vectors contains some ap @ a4, 1 <p < m, with a nonzero coefficient. This 
contradicts the fact that every vector is a unique linear combination of 
the basis vectors. Hence C(e) n J(A) = 0, i.e., every element of C(e) is 
invertible. Obviously, if aE C(e), then a-l E C(e). Thus C(e) is a division 
subalgebra of /i. 1 
COROLLARY 1.21. Every splitter of a local algebra over a field is 
contained in a splitter Mvhich is a division subalgebra. 
COROLLARY 1.22. Every local algebra A over an algebraically closed 
field K is nonsplittable. 
Proof By Proposition 1.8, for any splitter A of JI over K, we have 
A c C(e), where e is a splitting element, and C(e) is a splitter of n over K. 
By Theorems 1.18 and 1.20, C(e) is a finite-dimensional division algebra 
over the algebraically closed field K. Thus, C(e) = K, whence A = K. 1 
COROLLARY 1.23. Let A be a local algebra over a field K, and I a proper 
two-sided ideal of A such that .4/I is nonsplittable over K. Then A is 
nonsplittable over K. 
Proof. Let Z be a splitter of A over K. Using Corollary 1.21, find a 
splitter A 1 Z which is a division subalgebra of A. According to 
Corollary 1.11(c), A=K+AnZ, whence A=K because AnI=O. 
Therefore C = K. 1 
2. NONSPLITTABLE AND PURELY INSEPARABLE ALGEBRAS 
In this section, we restrict ourselves to algebras over a field. Recall that 
an algebra A over a field K is said to be algebraic if every I E A is a zero 
of a polynomial in K[X] of positive degree. The goal is to give a complete 
description of nonsplittable algebraic algebras over an arbitrary field K, 
and to relate the latter algebras to purely inseparable algebras introduced 
by Sweedler. We also characterize arbitrary extension fields of K which are 
nonsplittable as K-algebras. 
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PROPOSITION 2.1. (a) Every nonsplittable algebra has precise!,, t\ilo 
idempotents: 0 and 1. 
(b) Every finite-dimensional subalgebra of a nonsplittable algebra is 
local. 
(c) Every algebraic nonsplittable algebra is local. 
ProoJ (a): If e is an idempotent of a K-algebra A (0 #e # l), then the 
K-subspace A of A spanned by e and 1 -e is a subalgebra of A separable 
over K. Since K# A, Corollary 1.4(b) implies A is splittable. 
(b): Every subalgebra A of a nonsplittable algebra A is nonsplittable 
by Proposition 1.10(a)(i). If dim, A < ccj, (a) implies A is local. 
(c): Let algebra A be algebraic nonsplittable. Since K[n] is a finite- 
dimensional subalgebra of A for each 1~ A, (b) implies K[n] is local. 
Hence each I is either invertible, or nilpotent. It is well known that the 
latter property implies A is local. 1 
THEOREM 2.2 Suppose L is an extension field of K, and F the algebraic 
closure of K in L; i.e., F is the set of all elements of L algebraic over K. Then 
L is nonsplittable over K if and only if F is a purely inseparable extension 
of K. 
Proof If L is nonsplittable over K, then so is F, by Proposi- 
tion 1.10(a)(i). If S is the separable closure of K in F, i.e., the set of all 
elements of F separable over K, then S = K. Really, if s E S - K, then, as it 
is well known, K[s] # K is a separable K-algebra, hence a splitter of F over 
K, according to Corollary 1.4(b). This is a contradiction. Thus, S = K and 
F is purely inseparable over K. 
Assume now F is purely inseparable over K. Let A be a splitter of L over 
K. Since every finite-dimensional algebra is algebraic, and [A : K] < co by 
Theorem 1.18, we obtain A c F; in particular, A is a purely inseparable 
extension of K. Then, as it is well known, the commutative A-algebras 
L OK A and A OK A are local because in each of them every element is 
either invertible, or nilpotent. By Proposition 1.16, A OK A is a splitter of 
L BK A over A, whence A @.K A is a subalgebra of a division algebra over 
A, as follows from Corollary 1.21. Consequently, A 153~ A has no nilpotent 
elements, and hence is an extension field of A. But the kernel Q(A) of the 
multiplication map m: A OK A + A is a two-sided ideal of A BK A; hence 
Q(A) = 0, and m is an isomorphism. It follows that A = K, and L is 
nonsplittable. fl 
COROLLARY 2.3. An extension field L of a field K of characteristic 0 is 
nonsplittable if and only if all elements of L - K are transcendental, 
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COROLLARY 2.4. Let A be a K-algebra such that A/J(A) is an extension 
field of K for which the algebraic closure F of K in A/J(A) is a purely 
inseparable extension of K, Then A is nonsplittable. 
Proof Since A is local, the statement follows from Corollary 1.23 and 
Theorem 2.2. 1 
We are ready now to prove the main result of this section. 
THEOREM 2.5. A K-algebra is algebraic nonsplittable if and only if J( A) 
is nil and A/J(A) is a purely inseparable field extension of K. 
Proof We prove the necessity first. It is well known that A being 
algebraic implies J(A) is nil. Proposition 2.1(c) implies A is local. Then 
D = A/J(A) is an algebraic division algebra over K. We claim that K[d] is 
a purely inseparable field extension of K for all dE D - K. Really, if K[d] 
is not purely inseparable over K, there is an element aE K[d] -K such 
that K[a] is a separable extension of K. Since D is algebraic, we 
get [K[a]: K] < co, so that K[a] is a separable K-algebra. Let bE A 
be a preimage of a under the natural projection 7~: A + D. Then 
K 1 K[b] : K[b] + K[a] is a surjective homomorphism of finite-dimensional 
K-algebras. By the Wedderburn Principal Theorem, K[b], and hence also 
A, contains a subalgebra isomorphic to the separable algebra K[a]. There- 
fore, Corollary 1.4(b) implies A is splittable, a contradiction. Thus, each 
element of D is purely inseparable over K. 
It remains to show D is commutative. Denote by C the center of D. If 
C# D, there exists a subfield E ZJ CX K of D such that C # E and E is a 
separable extension of C [7, Chap. VII, Sect. 11, Proposition 21. But we 
have just shown that E is a purely inseparable extension of K, and hence 
also of C. Therefore, E is both a separable and purely inseparable xtension 
of C, i.e., E = C, a contradiction. Thus C= D. 
For the sufficiency, note that Theorem 2.2 and Corollary 1.23 imply A is 
nonsplittable. Show A is algebraic. For every 1 E A, there is a polynomial 
g(x) E K[x] of positive degree such that g(J)E J(A) because A/J(A) is 
algebraic over K. Since J(A) is a nil ideal, [ g(n)ln = 0 for some positive 
integer n. Therefore 1 is a zero of the polynomial [g(x)]“. 1 
COROLLARY 2.6. A division K-algebra D is algebraic nonsplittable if and 
only if it is a purely inseparable field extension of K. 
We now establish a connection between algebraic nonsplittable and 
purely inseparable algebras [ 12, Definition 1, p. 3431. 
DEFINITION 2.7. A is a purely inseparable K-algebra if mK: A Q’K Aop + A 
gives a A @I~ A”P-projective cover of A, where Aop is the opposite algebra 
of A. 
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THEOREM 2.8. Every purely inseparable algebra is algebraic nonsplittable. 
Proof Let A be a purely inseparable K-algebra. Then it is algebraic, 
and A/J(A) is a purely inseparable extension of the field K, according to 
[12, Theorem 10 and Theorem 11(c), p. 3501. Now the theorem follows 
from Corollary 2.4. 1 
To formulate our next result, we need to recall the notion of GB radical 
[ 12, Definition 3, p. 3441. 
DEFINITION 2.9. A K-algebra n is said to have GB radical if for each 
K-algebra f 
Im(J(n) OK J-5 A OK f) = J(A OK 0. 
Examples of algebras with GB radical are given in [ 12, Proposition 4, 
p. 344 and Corollary 5, p.3451. 
THEOREM 2.10. Zf an algebra is commutative or has GB radical, then it 
is purely inseparable if and only if it is algebraic nonsplittable. 
Proof: The statement is a consequence of [12, Corollary 13(a)(c), 
p. 3533 and Theorem 2.5. 1 
Theorem 2.10 shows that statements valid for purely inseparable algebras 
also hold for a large class of algebraic nonsplittable algebras. Here is an 
example. 
PROPOSITION 2.11. A semiprimary algebraic nonsplittable algebra has 
infinite cohomological dimension. 
Proof: A semiprimary algebra has nilpotent radical, hence GB radical, 
according to [ 12, Corollary 5, p. 3451. Now the proposition follows from 
Theorem 2.10 and [9, Theorem 3.6, p. 3721. 1 
The question of whether every algebraic nonsplittable algebra is purely 
inseparable is open. In view of Theorem 2.5, it was, in fact, asked in [ 12, 
Questions 15(a), p. 3541. As follows from Theorem 2.10, the question is 
closely related to the question of whether every algebraic nonsplittable 
algebra has GB radical. Although we do not know the answer to this 
question either, we do have some information along these lines. Recall that 
an algebra is called locally finite if every one of its finitely generated 
subalgebras is finite-dimensional. 
PROPOSITION 2.12. A locally finite algebra has GB radical. 
Proo$ Let K[S] be the subalgebra of a locally finite K-algebra n 
generated by a finite subset S of the radical J(A). Since K[S] is finite- 
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dimensional, J(K[ S] ) is nilpotent. Prove K[ S] n J( A ) c J( K[ S] ). Then 
SC J(K[S]), and ,4 has GB radical by [ 12, Proposition 4, p. 3443. Let 
XE K[s] n J(A) and ~EK[S], then 1 -xy is invertible in K[,S] because 
xy is nilpotent. Really, since A is algebraic, xy belongs to a nil ideal 
J(A). I 
Proposition 2.12 means that if there exists an algebraic nonsplittable 
algebra not having GB radical, then it belongs to the class of algebraic, but 
not locally finite algebras whose existence was shown by Golod and 
Shafarevich. 
We now investigate whether an algebraic nonsplittable algebra remains 
algebraic nonsplittable under an extension of the ground field. 
THEOREM 2.13. Let A be an algebraic nonsplittable K-algebra, and L an 
extension field of K. Then A OK L is an algebraic nonsplittable L-algebra, 
provided J(A) @‘K L is a nil ideal. 
Proof: Tensoring the exact sequence 0+ J(A) + A + A/J(A) + 0 with L, 
we obtain the exact sequence 0 -+ J(A) BK L + A QK L + A/J(A) QK L + 0. 
Since, according to Theorem 2.5, A/J(A) is a purely inseparable field 
extension of K, we conclude that f = A/J(A) BK L is a commutative 
L-algebra whose every element is either invertible, or nilpotent. Hence r 
is a commutative algebra with nil radical, and T/J(T) is an extension field 
of L. Since A/J(A) is a purely inseparable field extension of K, for each 
y E f there exists a positive integer n with yfl E L, where p = char K. Then 
the same is true for each element of f/J(T), i.e., f/J(T) is a purely 
inseparable extension of L. Thus r is algebraic nonsplittable over L, by 
Theorem 2.5. By assumption, J(A)@, L is a nil ideal of A@, L, whence 
J(A) OK L c J(A BK L). Identifying f with A @,L/J(A) OK L, we obtain 
J(f) = J(A OK L)/J(A) BK L, according to [2, Chap.VIII, Sect. 6, no. 3, 
Proposition 73. By [7, Chap.VIII, Sect. 1, Lemma 11, J(A@, L) is a nil 
ideal, and the Third Isomorphism Theorem implies A OK L/J(A OK L) ‘v 
T/J(T) is a purely inseparable field extension of L. By Theorem 2.5, 
A OK L is an algebraic nonsplittable L-algebra. 1 
The preceding theorem shows that the obstacle for A OK L being 
algebraic nonsplittable is in J(A)@, L not being nil. More precisely, we 
have the following result. Recall that an associative algebra without 
identity is called a nil algebra if every one of its elements is nilpotent. 
THEOREM 2.14. Let L be an arbitrary extension of the field K. Then the 
folloowing are equivalent :
(a) For each algebraic nonsplittable K-algebra A, A OK L is an 
algebraic nonsplittable L-algebra. 
(b) For each nil K-algebra N, N @lK L is a nil L-algebra. 
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Proof (b) * (a) follows from Theorem 2.13. 
(a)*(b): Let N be a nil K-algebra. Adjoining the identity, we 
obtain an algebraic nonsplittable L-algebra K@ N, by Theorem 2.5. Then 
(a) implies (K@ N) OK L N L@ (NO, L) = Z is an algebraic nonsplittable 
L-algebra. Clearly, NOK L is a maximal two-sided ideal of Z; hence 
J(Z) c NOK L. Since Theorem 2.5 implies Z/J(Z) is a field, we obtain a 
surjective homomorphism of fields Z/J(Z) + L = C/NO, L. Hence 
N@‘K L = J(C) is a nil L-algebra because J(Z) is a nil ideal of Z according 
to Theorem 2.5. 1 
Thus the question of whether every algebraic nonsplittable algebra 
remains algebraic nonsplittable under an extension of the ground field is 
equivalent to the classical open question of whether every nil algebra 
remains nil under an extension of the ground field. It is well known that the 
latter question is equivalent to the celebrated Koethe conjecture. 
COROLLARY 2.15. If A is an algebraic nonsplittable algebra over an 
uncountable field K, then A @.K L is algebraic nonsplittable for each field 
extension L of K. 
Proof It is well known that condition (b) of Theorem 2.14 is satisfied 
for an uncountable field K. u 
3. TOTALLY SPLITTABLE ALGEBRAS AND SEPARABLE FIELD EXTENSIONS 
It is well known that a field extension L 1 K is finite separable if and 
only if L is a separable K-algebra, i.e., if every K-subalgebra of L is a 
splitter. In this section we give a homological characterization of all 
algebraic separable field extensions. 
DEFINITION 3.1. An algebra ,4 over a field K is said to be totally 
splittable if every finite dimensional K-subalgebra of n is a splitter. 
It seems interesting to describe totally splittable algebras. We have such 
a description in case n is an algebraic field extension of K. 
THEOREM 3.2. An algebraic field extension L of a field K is separable if 
and only if L is a totally splittable K-algebra. 
Proof: The necessity is clear because a finite-dimensional subalgebra E 
of L is, in fact, a finite subextension E with L 3 E 2 K. Hence E is a 
separable K-algebra, and Corollary 1.4(b) implies E is a splitter of L over 
K. 
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For the sufficiency, suppose that every finite subextension of L is a 
splitter. Denote by F the separable closure of K in L. Then L is purely 
inseparable over F. For every UE L - F, K[a] is a splitter of L over K 
because K[a] is a finite extension of K. By Proposition 1.13, F[a] is a 
splitter of L over F. But F[a] #F, and L is nonsplittable over F, according 
to Theorem 2.2. This contradiction shows that L = F, i.e., L is a separable 
extension of K. 1 
It would be interesting to give a homological characterization of 
arbitrary (not necessarily algebraic) separable field extensions. 
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